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M. Van Barel, N. Mastronardi
A largenumberofproblems inapplied sciences,mathematics andengineeringare reduced tomatrix
problems involving matrices with the property of having low rank submatrices in the upper right and
lower left corners. Amatrix with this property can be generally referred to as a rank-structuredmatrix.
Band matrices provide the most popular but not the sole important class of rank-structured matrices.
Over the past recent years a large amount of work has been done in order to make standard linear
algebra methods computationally efﬁcient when applied to such structured matrices. In many cases
the goal can be achieved by representing the matrix in condensed form by means of small number
of parameters – called generators – and then by rephrasing the algorithms in terms of arithmetic
operations among generators rather than the initial matrix entries.
This book is the ﬁrst in a planned series of two volumes on asymptotically efﬁcient algorithms for
manipulating rank-structured matrices. The ﬁrst volume focuses on the algorithms for linear system
solving and related computational issues and is followed by a second volume on the numerical treat-
ment of thematrix eigenvalue problem for certain classes of rank-structuredmatrices. The book covers
an impressive range of issues concerned with the fast computation of condensed generator-based
representations of rank-structured matrices, their mutual relationships, as well as the incorporation
and the use of the generator representations in linear system solving methods for large dense rank-
structured matrices. In particular, the book presents fast adaptations of the LU and QR factorization
algorithms and newly developed variants of thesemethods that aremore suited to exploit the features
of the employed representations.
The book is divided in three main parts. In the ﬁrst part (Chapters 1–3) the simpler classes of rank-
structured matrices having submatrices of rank at most 1 in the (strictly) lower and/or in the (strictly)
upper triangular portions are considered. The ﬁrst chapter sets up the basic notations, deﬁnitions
and properties of these matrices by showing their relationships with the inverses of band matrices
as application of the nullity theorem. This provides an interesting point of view since historically,
as described in Chapter 3, the theory of rank-structured matrices stemmed from the results on the
inverses of band matrices and the exploitation of the nullity theorem provided an easy and uniﬁed
way to recover the connections among the different classes of matrices. Chapter 2 introduces some
basic condensed representations of these simple classes of rank-structured matrices by comparing
their theoretical and computational properties.
The properties of these representations are exploited in the second part of the book (Chapters
4–7) for the design of efﬁcient linear system solvers. Chapters 4 and 5 deal with fast adaptations of
the Gaussian, Neville and QR triangularization schemes, respectively. If pivoting is required in the
elimination procedure, then the rank structure of the matrix can progressively be lost and some
insights are given to overcome the singularity issue. Chapter 7 addresses the development of efﬁcient
algorithms for the inversion of rank-structured matrices and for storing and representing the inverse
in compact form. The recursive properties of rank-structured matrices and of their inverses are used
in Chapter 6 to devise fast Levinson-type or Schur-type algorithms.
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In the last part of the book (Chapters 8–15) attention is paid to extend the previous results to some
broader classes of rank-structured matrices. A general deﬁnition of these classes together with basic
properties and representations are introduced in Chapter 8. The use of a speciﬁc representation –
named Givens-vector representation – derived from the QR factorization of the matrix is popularized
in Chapters 9 and 10, where the fast factorization methods are extended to work with general rank
structured matrices represented in this way. The updating of the Givens-vector representations of
the intermediate matrices can be carried out by recasting the elimination step in terms of operations
among the parameters of the current Givens-vector representation. Associated with this task, the
effects of a quite long list of transformations of the representation are investigated. Chapters 11–14
give some complementarymaterial and extensions and, ﬁnally, the last chapter provides the reference
to a web site collecting many MATLAB implementations by the authors of the featured algorithms.
The strength of the book lies on the fact that it is the ﬁrst thorough overview of the properties of
ﬁnite rank-structured matrices and their computational impact in the algorithms of numerical linear
algebra. This is aﬁeldof growing interestnowadays. Theauthors areactive researchers in thisﬁeld. They
have collected and related a substantial amount of results, some of which were previously available
only in conference or journal articles, and have tried to unify the presentation of this material. The
list of references is rather exhaustive and up-to-date. There are some oversights but none that I found
cause serious problems for the comprehension of the text.
The book does have some drawbacks, however. Inmany sections the presentation is fairly technical
and scrappy and the reader should take in mind too many slightly different deﬁnitions and methods.
Often thismakes the subject difﬁcult to access for the inexpert reader.On thepositive side, each chapter
starts with a summary and ends with a short section of conclusions, which are useful for connecting
to the rest of the material.
The lack of numerical experiments is also a serious limit in understanding the practical relevance
and impact of the fast algorithms for rank-structuredmatrices discussed in the book. These algorithms
are generally attractive from the point of view of asymptotic complexity compared with the standard
methods. Nevertheless, the use of quite sophisticated representations of the matrices oftenmakes the
algorithms logically involved and, therefore, experimental comparisons are mandatory to assess their
performance value.
Therewas a twofold goal set in the conclusionof thebook. First, to give apossibly complete overview
ofmethods for rank-structuredmatriceswith their algorithmic derivation andproperties. This goal has
been gracefully achieved andwe can recommend this book to anyonewho intend to do research in this
area and for use as textbook in advanced university courses. Secondly, tomake thesemethods available
to the large audience of the numerical linear algebra community by promoting a standardization of
notations and the assessment of the theory. We feel that there is more work to be done along this
direction.
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